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Introduction

These are the notes for my part of the course “p-adic Galois representations and global
Galois deformations”. My aim was to give a short introduction to the p-adic Hodge
theory necessary for formulating the local conditions imposed on deformations of p-adic
representations. I also included some material on the technical tools used for proving the

properties of Fontaine’s rings of periods, although I usually gave no actual proofs of the
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results. In these notes, there are a few changes from the actual course; for example I

exchanged ¢ and p in various places in order to follow the notation of the other courses.

1. The Galois group of Q

Let F be a finite extension of Q,, and let Gq = Gal(Q/Q). A p-adic representation
of Gq is a finite dimensional continuous E-linear representation V' of Gq. We wish to
study p-adic representations of Gq, either individually or in families.

Let ¢ be a prime number (which may or may not be equal to p) and let A be a place
of Q above £. The group Dy = {g € Gq such that g(\) = A} is the decomposition group
of A\. If )\ is another place above ¢, then D, and D, are conjugate, and we write D, for
the resulting group, which is well-defined up to conjugation in Gq.

The choice of \ is equivalent to the choice of an embedding of Q into Q,, and this gives
rise to a map Dy — Gq,, which is easily seen to be an isomorphism. The groups Gq, are
easier to understand than Gq, thanks to ramification theory (recalled in §2).

Given a p-adic representation V', one then studies its restriction to D, for various primes

¢, and the following result says that we do not lose too much information when doing so.

Proposition 1.1. — IfS is a set of prime numbers of density 1, and if V' is a semisimple

representation of Gq, then V' is determined by its restriction to the D, with £ € S.

2. Ramification of local fields, I

Let ¢ be a prime number, let K be a finite extension of Q,, and let Ok and mg and
kx and 7 denote its ring of integers, maximal ideal, residue field and a uniformizer
respectively. Let K" denote the maximal unramified extension of K, and let K'me
denote the maximal tamely ramified extension of K.

The group Gal(F,/kg) is isomorphic to 2, and is topologically generated by Fr,, =
x +— ™ where m = Card(kg). The inertia subgroup I of G is the kernel of the natural
map G — Gal(F,/kg), and we then have Iy = Gal(Q,/K"™). Likewise, we have

J( tame anKunr (W}{/n)’
so that Gal(K'me /K™ = Hm o Ho where the map is given by

g {g(mild™) /Tl s,

In particular, if o € Gal(K*™™/K"") and if the image of ¢ € Gal(K™¢/K) in
Gal(Fy/kk) is Fr,,, then cac™ = ™. Finally, I\’ = Gal(Q,/K"™) is the (-Sylow

subgroup of Ik, called the wild inertia subgroup.
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3. p-adic representations with ¢ # p

1

An easy corollary of the equation cac™" = o™ is Grothendieck’s monodromy theorem.

Theorem 3.1. — IfV is a p-adic representation of G, with K as above, and if £ # p,

then there ezists a finite extension L of K, such that V|1, is unipotent.

We say that a p-adic representation V' of G has good reduction if V|, is trivial, and
we say that V' is semistable if V|, is unipotent. Grothendieck’s theorem above then says
that every p-adic representation of G is potentially semistable (recall that ¢ # p).

There is a useful way of describing the p-adic representations of Gi. Let K be as
before, so that there is a map n : Gx — 2, defined by g = Fr%(g). The Weil group
Wik is {g € Gk, such that n(g) € Z}. A Weil-Deligne representation is the datum of
a representation V' of Wy (given by a map p : Wx — End(V')) and of a nilpotent map
N € End(V) such that Np(g) = m™™9)p(g)N.

Choose a compatible sequence {(sm },>0 of primitive £"-th roots of 1, and let ¢ : Ix — Zy
be the map determined by g(ﬁ}(/zn) = ;ﬁg)ﬂ}(/gn. Choose also 0 € G such that n(o) = 1.
If V is a p-adic representation of Gi, then by Grothendieck’s theorem, there exists a
finite extension L of K such that p(g) is unipotent if ¢ € Iy. In this case, the map
N =logp(g)/t(g) € End(V) is well-defined, and independent of g € I,. We attach to
V' a Weil-Deligne representation (pwp, Nwp) on the same underlying space V', by the
formulas pwp(w) = p(w) exp(—t(c™®w) - N) and Nwp = N.

The isomophism class of the resulting representation does not depend on the choices

made, and we can easily recover V' from (pwp, Nwp)-

4. Rings of periods

From here to the end of these notes, we assume that ¢ = p, so that K is now a finite
extension of Q,. We would like to have a classification of p-adic representations of G'x
similar to the one above, but this is harder to obtain. Indeed, let x : Gk — Z,; be the
cyclotomic character, defined by ¢((n) = C;%(g). We can write x = w - (x) with w € p, 4
and (x) € 1+ pZ, and we can then consider w"(x)®* with r € Z/(p — 1)Z and s € Z,.
All such characters are representations of G but it turns out that they are “good” only
if s € Z. It is hard to distinguish such characters merely by looking at their image or
kernel, and in order to classify p-adic representations, one therefore needs more than mere
ramification theory.

The main tool for doing so is Fontaine’s construction of rings of periods. A ring of

period if a Q,-algebra B, endowed with an action of Gx, and possibly some supplementary
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structures, compatible with the action of G (for example a filtration, a Frobenius map,
a monodromy map. .. ). We require that B is a domain, that (1) Frac(B)“% = BY% and
that (2) if y € B is such that Q, - y is stable under G, then y € B*. For example, all
these conditions are automatically fulfilled if B is a field.

If V is a p-adic representation of G, we then define D5(V) = (B ®q, V)°%, which is

a B%%-vector space. There is a natural map
a: B®pex Dp(V) = B®q, V,

and condition (1) above implies that « is injective, so that Dg(V') is of dimension <
dimq, (V). We say that V is B-admissible if Dg(V) is of dimension dimq, (V). By
condition (2) above, this is the case if and only if « is surjective. If V' is E-linear, then
we say that it is B-admissible if the underlying Q,-linear representation is B-admissible.

In this way, we have defined the subcategory of B-admissible p-adic representations of
Gk, inside the category of all p-adic representations of Gi. This subcategory is stable
under subquotients, direct sums, tensor products and duals. If B has some supplementary
structures, then these descend to Dp(V), and in this way we obtain some nontrivial

invariants of B-admissible representations, which can then be used to classify them.

5. Galois cohomology

In this section, we give a few reminders about Galois cohomology groups. If V is
a p-adic representation of G, then we write H(K,V) for H (G, V). We also write
h'(V) = dimg, H'(K,V). Let V* be the dual of V, and let V*(1) = V* ® x.

If i =0, 1 or 2, then the cup product

U: HY(K,V) x H*(K,V*(1)) - H*(K,V ® V*(1))
gives rise to a pairing H(K,V) x H*7/(K,V*(1)) — H?*(K,Q,(1)). We then have the

following theorem of Tate.

Theorem 5.1. — The groups H'(K,V) are finite dimensional Q,-vector spaces, they
are {0} if i = 3, we have H*(K,Q,(1)) = Q,, the pairing H'(K,V) x H*(K,V*(1)) —
Q, is perfect, and h°(V) — hY (V) + h*(V) = —[K : Q,] dim(V).

If y € K*, let {y,}n>0 be a sequence such that yo = y and y,,; = y». Let d(y) :
Gk — Z, be the map determined by the equation g(y,) = Cgﬁy)(g)ym so that d(y)(gh) =
5(y)(9) + x(9)d(y)(h). We then have §(y) € H'(K,Q,(1)), and the map y — d(y) is
the Kummer map. It extends to a map § : Q, ®z, KX — H'(K,Q,(1)), which is an
isomorphism by Kummer theory. In particular, we have h'(Q,(1)) = [K : Q,] + 1, which

is compatible with theorem 5.1.
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If B is a ring of periods, then W = B ®q, V' is a semilinear representation of Gg: it
is a free B-module, with a semilinear action of G'x. If we choose a basis of such a W,
then g — Mat(g) gives a cocyle on G with values in GL4(B), and choosing a different
basis gives a cohomologous cocycle. In this way, we get [W] € HY(Gg,GLy4(B)), and
the original representation V' is then B-admissible if and only if [B ®q, V] is the trivial

cohomology class. The following result, known as Hilbert’s theorem 90, is then useful.
Theorem 5.2. — If L/K is finite Galois, then H'(Gal(L/K),GL4(L)) = {0}.

As a consequence, we see for example that if Qp C B, then potentially B-admissible
representations are already B-admissible.
We can deduce from theorem 5.2 that H'(Gal(F,/kk), GLq(F,)) = {0}, and an argu-

ment of successive approximations then shows that

H' (G /I, GLa(QY™)) = {0}.

This way, we see that unramified representations of G are Q;nr—admissible.

6. Ramification of local fields, II

In this section, we collect various statements about the ramification of extensions of
Q,, which are useful for proving some of the properties of Fontaine’s rings of periods.

We give in particular a few reminders about the conductor and the different of a finite
extension K/F. Let valg(-) be normalized by valg(K*) = Z. Recall that if u > —1,
then one defines the ramification filtration Gal(K/F), = {g € Gal(K/F) such that
valg(gr —x) > u+ 1 for all # € Og}. Herbrand defined a function ¢k, p, such that if
we define Gal(K/F)" = Gal(K/F) v, then Gal(K/F)" is the image of Gal(L/F)"
whenever L is an extension of K. One can then define GY% for v > —1.

If K/F is Galois, then we define K" = K©®&/M)* and if K is not Galois then
we set K" = L* N K, where L/F is Galois and contains K. For example, we have
Gal(Qy(()/Qp)" = Gal(Qp(¢pn)/Qp(¢p)), and therefore Q,(Gymn)* C Qp(Cpus)- The
conductor of K (with respect to F') is the inf of the real numbers v with K* = K.

Recall also that we have the different 0x/p = @I_{l, where Ok is the dual of Of with
respect to the pairing (z,y) — Trg/r(zy). The different and conductors are related by

Y r(v

the following formula.

Proposition 6.1. — We have

val, (05 /) = /j <1 _ ﬁ) du.
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7. Cyclotomic extensions

Let FF = Q,, let F,, = Q,((pn) for n > 1, and let Fy = U,>1F,,. We know that F,
is a totally ramified extension of F' of degree p" !(p — 1), and also that Op, = Z,[(n].
If n >1and y € Fy, then y € Foyy, for some k > 0, and R,(y) = p " Trr, /5, (y)
does not depend on k. The map R, : F,, — F,, is then a Gp-equivariant projection. We
have R, (1) = 1 while R, ((pn+r) = 01if 1 < j < p* — 1, so that R,(Op,,,) C Op,. This
implies that if y € F., then val,(R,(y)) > val,(y) — 1/(p"*(p — 1)), and therefore that
R, extends by uniform continuity to a projection R, : ﬁoo — F),. In addition, we have
R,(y) =yify € F and n > 0, so that if y € F. then R.(y) = y as n — oo.

Let K be a finite extension of Q,, let K,, = K((,n) for n > 1, and let Koo = U1 K, If
n > 0, then K,,.,/K, is totally ramified of degree p, and K,,/F,, is of degree d = K,/ F
if n > n(K). Proposition 6.1, and the fact that F) C F,), can be used to show that the
sequence {p"val,(3k, /i, ) }n>1 is eventually constant. In particular, if § > 0 then there
exist n(d) = n(K) such that if n > n(d), then val,(0k, /r,) < 6. This implies that if
n = n(d), then there exists a basis ey, ..., eq of Ok, over Op,, such that val,(e}) > —9.

If y € Ok 5
Op,.,, and we set R,(y) = Z;l:l Rn(yj)e;f. The resulting map R, : K, — K, is then
a G g-equivariant projection, which satisfies val, (R, (y)) = val,(y) — 1/(p"*(p — 1)) — 4,

*

then we can write y = Z;l:l yj€e;, where y; = Trg_/p_(ye;) belongs to

n+k’

k)

and therefore R, extends, by uniform continuity, to a projection R, : K., — K,, such

that R,(y) — y as n — oo as above.

8. The cohomology of C,

Let C, be the p-adic completion of Qp, so that C, is a complete and algebraically
closed field. If L is a subfield of Qp, then the action of G, on Qp extends by continuity

to C,, and we have the following result of Ax-Sen-Tate.
Theorem 8.1. — If L C Qp, then CfL =T

If L is as above, and o € Q,,, then we set Ay (@) = infyeq, val,(g9(e) — ). The main
ingredient of the proof of theorem 8.1 is the following result of Le Borgne, which improves

upon a similar result of Ax.
Lemma 8.2. — Ifa € Qp, then there exists € L, with val,(a—p) > Ar(a)—1/(p—1).

Let ¢ : Gg — 27 be a character, which is trivial on ker(x) = Gal(Q,/Ku) (for
example, one could take 1) = x" with h € Z).

Theorem 8.3. — If 1 has infinite order, then H°(K, C,(¢)) = {0}.
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If ¢ has finite order, then Hilbert’s theorem 90 implies that C,(¢)) = C,, and then
HY(K,C,(¢)) = K by theorem 8.1 above. We now give a sketch of the proof of theorem
8.3. If HY(K,C,(v))) # {0}, then there exists a nonzero y € C,, such that g(y) = ¥ (g)y
for ¢ € Gk. We apply the maps R, from §7; since R, (y) — y, we have R,(y) # 0 for
n>> 0. The formula g(R,(y)) = 1(g)R,(y) now implies that 1 is trivial on Gal(Q,/K,),
and therefore has finite order.

By proving more refined results about K., one can also prove that H'(K, C,(v)) = {0}

if 7 has infinite order. Finally, H*(K,C,) is a 1-dimensional K-vector space, generated
by [g + log, x(g)].

9. Witt vectors

We say that a ring R is perfect if p = 0 and x — 2P is a bijection on R. We say that
a ring A is a perfect p-ring if p is a not a zero divisor, if A is separated and complete for
the p-adic topology, and if A/pA is perfect. If x € A/pA, we denote by T a lift of = to
A. Let zg =  and let x4, = 1z, /P The sequence {z i}j}g then converges to an element
[z] € A, which is independent of all choices, and is called the Teichmiiller lift of z. Every
element of A can be written as ), p'[x;] in a unique way.

Let R = F,[X,/" V"
so that S is a perfect p-ring with residue ring R. There exist elements {5, };>0 and {P; }i>0
of R such that

Ji=0, and let S be the p-adic completion of Z,[X/*™, V7™ .2,

X+ pYi=> pSi,

120 120 20
Y rXix )y pYi=> plP]
120 120 120

If Ais a perfect p-ring and {x;};>0 and {y;}i>0 are two sequences of elements of R,
then we have a map 7 : S — A given by 7(X;) = [z;] and 7(Y;) = [y;]. By applying 7 to

the two equations above, we see that

> Pl + ) ol =D 0[Sz, y)],

=0 =0 120
S P x Y Pyl =Y P[Pl y)),
>0 i>0 >0

so that addition and multiplication of elements of A, written as ). p[x;], are given by

universal formulas.

Theorem 9.1. — If R is a perfect ring, then there exists a unique perfect p-ring W (R)
such that W(R)/pW (R) = R.
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The discussion above shows that one can take W(R) = {3, p'[z;] with 2; € R},
addition and multiplication being given by the universal formulas. The ring W(R) is

called the ring of Witt vectors over R.

Proposition 9.2. — If R is a perfect ring, if A is complete for the p-adic topology,
and if f : R — A/pA is a homomorphism, then [ lifts to a unique homomorphism
W(f): W(R) — A.

In the notation of the beginning of this section, we must have W(f)([z]) =

/\n

lim,, o0 f (xn)p , and it remains to check that this does give a ring homomorphism.

For example, the map R — R given by x — 2P gives rise to the Frobenius map ¢ on
W(R).

Finally, if R is equipped with a valuation val(-), then we can define semivaluations
wi(-) on W(R) by wy (3o P'[2:]) = minjey val(z;). The weak topology of W(R) is the

one defined by these semivaluations.

Proposition 9.3. — If R is complete for val(-), then W(R) is complete for the weak
topology.

10. The rings E* and B*

Fix some 0 < 6§ < 1/(p—1), and let I = {z € Oc,, with val,(z) > 1/(p — 1) — }. We
define E;r = {(z0,x1,...) where ; € Oc, /I, and ¥, | = x;}, so that E;r is a perfect ring
(addition and multiplication being termwise). We have a map from {(z(®, 2™, ...) where
2 € Oc,, and (D) = @} to Ef, which can be shown to be a bijection, so that Ej
does not depend on I, and we denote it by ET. If 2 € E*, we set valg(r) = val,(z(),
and this defines a valuation on E*, for which it is complete.

If a € F,, then ([a'/?"]),s0 € E*, and this gives an injective map F, — E*. The
choice of a sequence {(yn }n>0 gives rise to an element € = (1,(,...) € E*, and we define
7 = ¢ — 1, so that valg(7) = p/(p — 1). In particular, F,[7] C E*. The theorem below

is not needed in the sequel, but gives an idea of the structure of E*.

Theorem 10.1. — The field Eﬂl/ﬁ] is the completion of the algebraic closure of
Fy(7).

The more complicated definition of E* which we have given has the advantage of
showing that E*t is equipped with an action of Gq,- We then set At = W(E*) and
B+ = A*[l /p], and both rings are also equipped with an action of Gq,, as well as
the Frobenius map ¢. The homomorphism E* — Oc,/p extends, by theorem 9.2, to
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a homomorphism 6 : AT — Og,, given explicitly by 0> iso P'lzi]) = Xino pil?. For

example, f([¢] — 1) = 0.

Proposition 10.2. — The ideal ker(0) is generated by any element y € ker(0) such that
valg(y) = 1.

This is the case with y = ([¢] —1)/([¢/?]—1) (Fontaine’s element w), or with y = [p] —p,
where p € E* is such that p© = p.

11. The field BdR

Let B* be the ring constructed in §10, and for h > 1, let B, = B¥/ker(6)" (in
particular, we have B; = C,). We let Bl; = lim, By, so that B is a complete
local ring, with maximal ideal ker(f) and residue field C,, and is also equipped with an
action of Gq,. An element y € By is invertible if and only if 6(y) # 0. For example,
ker(0) = ([¢] — 1)Blg, since 0([e'/?] — 1) # 0. We define Bgg = Frac(BJy), so that
it is a ring of periods, equipped with the additional structure of the filtration given by
Fil'Bgg = ker(6)".

The series ([g]—1)—([e]—1)?/2+4([e]—1)®/3—- - - converges, to an element ¢ € B}, which
also generates ker(), so that Bqg = BI;[1/#]. Since g(g) = X9 we have g(t) = x(g)t.

Remark 11.1. — The ring BZ; is isomorphic to C,[t], but only as abstract rings, and

there is no such isomorphism which is compatible with the action of Gq, (as we’ll see in

§16).

The ring BZ; is complete for the ker(f)-adic topology, but it is also complete for a
finer topology. Each ring By, is a Banach space (the unit ball being the image of :&*),
and this gives B the structure of a Fréchet space. Note that there is no such thing as
a “p-adic topology” on Bjj.

If P(X) € Q,[X] is a polynomial with simple roots, then it splits completely in C,
and hence, by Hensel’s lemma, it also splits completely in B, since Bl /iBiz = C,.
This way, we see that Qp C BJi. A theorem of Colmez shows that actually, Qp is dense
in BX; for its Fréchet topology.

Proposition 11.2. — We have ng =K.

To prove this, we write the exact sequence 0 — "Bl — t"Bl; — C,(h) — 0, and
use the computation of H°(K, C,(h)) carried out in §8.
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12. De Rham representations

We now carry out the constructions of §4, with B = Bgr. If V' is a p-adic representation
of Gk, then we set Dar(V) = (Bar ®q, V)%, which is a filtered K-vector space (if V
is [-linear, then Dgr(V) is a E ®q, K-module). We say that V' is de Rham if it is Bgg-
admissible. Note that since Qp C Bgr, theorem 5.2 implies that potentially de Rham
representation are de Rham. If V is de Rham, then a Hodge-Tate weight of V' is an
integer h, such that Fil™"Dgag (V) # Fil "™ Dag (V).

The functor Dyg : {de Rham representations} — {filtered K-vector spaces} “forgets”
a lot of information about V. For instance, if V' is potentially unramified, then it is de
Rham, but then Dgqg (V) is the filtered vector space for which Fil’Dggr(V) = Dgr(V) and
Fil'Dgr(V) = {0}.

The following theorem of Faltings proves a conjecture of Fontaine, and shows that

representations of Gx “coming from geometry” are de Rham.

Theorem 12.1. — If X is proper and smooth over K, and if V = Hét(XQP, Q,), then
V is a de Rham representation of G, and Dar(V) = Hix(X/K).

Conversely, we have the following conjecture of Fontaine and Mazur. If F' is a number
field, then we say that a representation of Gz comes from geometry if it is a subquotient

of the étale cohomology of some algebraic variety over F'.

Congecture 12.2. — If F' is a number field, and if V is an irreducible p-adic represen-
tation of G, which is unramified at almost every place of F', and which is de Rham at

every place of F' above p, then V' comes from geometry.

If in addition dim(V) = 2 and F = Q, then we actually expect V' to come from a

modular form; this has been proved in most cases by Emerton and Kisin.

13. The rings B,,., and By

Recall than in §10, we constructed the ring BT = {3 ks oo PM[2x], where 2 € Et}. If
r >0, then we define a valuation V(-,7) on B by the formula

pr
_17

V(z,r) = i%f valg(xy) + kp

and we define E~3[0;T] to be the completion of B for V(-,7) (note that more generally, one
can define some rings ]AE;‘[T;S}, which explains the heavy notation). If s > r, then we have
an injective map ]§[O;s] — ]?‘)[O;T]. The ring Bt is ﬁ[o;m], where g = (p—1)/p. It contains
B+ (and hence Q;m), but also the element ¢ defined in §11 (which belongs to ]§[0;T] for
all > 0), and we set Byax = B

max

1/t]. The Frobenius ma Bt — BT gives rise to
p @ g
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a bijection ¢ : ﬁ[o;m] — ﬁ[o;pro}, and hence to an injective map ¢ : Bt — Bl . We use

max max-
the ring B,,.x instead of Fontaine’s B, for technical reasons, but they are almost equal,
for example, ¢(Byax) € Bais € Bmax-

The map BT — B, is continuous for the valuation V{(:,79) on B and therefore extends
to a continous map B . — Bl;. Recall that if K is a finite extension of Q,, then

K CBji. Let Ko =Kn Q)™ be the maximal unramified extension of Q, contained in
K, so that Ky C B

max*

Theorem 13.1. — The natural map K @, B/, — Bl is injective.

max

One can easily prove that the map K ®, Bt — By is injective, and in order to prove
the theorem, one needs to show that the map remains injective after completing the left
hand side, which is rather delicate.

As a corollary, we get that K ®k, Bnax — Bar is also injective, and using the fact
that B{X = K, we get that Frac(Buay) % = K.

Let u be a variable, and let B = B [u] and By, = B.[u]. We extend the action of
Gq, from By to By by g(u) = u+a(g)t, where a(g) is defined by g(p'/?") = C;}Eg)pl/pn.
We also extend ¢ by ¢(u) = pu, and we define a monodromy map N : By — By by
N = —d/du, so that Ny = ppN.

The series log([p]/p) = log(1 + ([p]/p — 1)) converges in By, and if we choose log(p)
(usually, we choose log(p) = 0), then we can talk about log([p]) € B;. We then extend

max

the map B — Bl; to B, by sending u to log([p]), which is a (G q,-equivariant map.
Theorem 13.2. — The natural map K ®, Bf — By is injective.

This implies that K @k, Bst — Bag is injective, and that FraC(BSt)GK = Kjy. Finally,

we have the following result (condition (2) of the definition of a ring of periods in §4).

Theorem 13.3. — Ify € By, and if Q,-y is stable by G, then y = yot" with yo € Q]‘;nr
and h € Z.

In particular, such a y actually belongs to B.x, and is invertible in By, ..

14. Crystalline and semi-stable representations

We now carry out the constructions of §4, with B = B, or Bg. If V' is a p-adic rep-
resentation of G, then we set Dis(V) = (Bmax ®q, V)9% and Dg (V) = (B ®q, V)Cx,
They are both Koy-vector spaces, Dg (V) is a (¢, N)-module and Des(V) = Dg (V)V=0 is
a ¢-module. We say that V is crystalline or semistable if V' is B,.-admissible or B-

admissible respectively. Theorem 13.2 implies that K ®, D (V') injects into Dgr(V), so



12 LAURENT BERGER

that if V' is semistable, then it is also de Rham. The space Dg (V) is then a filtered (¢, N)-
module over K, that is a Ky-vector space D, with an invertible semilinear endomorphism
¢, an endomorphism N such that Ny = ppN, and a filtration on D = K ®k, D. In the
next section, we’ll see how technical properties of B,,., and By translate into properties
of Deris(+) and Dgg(+).

The property of being “crystalline” or “semistable” is the analogue of having “good
reduction” or being “semistable” for ¢ = p as in §3. For example, we have the following
result (due to Iovita for “crystalline” and to Breuil for “semistable”), which is a p-adic

analogue of the Néron-Ogg-Shafarevich criterion for ¢ # p.

Theorem 14.1. — If A is an abelian variety over K, then V, A is crystalline if and only

if A has good reduction, and V,A is semistable if and only if A has semistable reduction.

We say that V' is potentially semistable if there exists some finite Galois extension L of
K, such that Vg, is semistable. In this case, Dy (V]q, ) is a filtered (p, N, Gal(L/K))-
module over L. Potentially semistable representations are de Rham, and we have the

following result, which may be seen as a p-adic analogue of theorem 3.1.
Theorem 14.2. — FEvery de Rham representation is potentially semistable.

Just as in §3, we can attach a Weil-Deligne representation WD(V') to a potentially
semistable representation V' of Gx. If D = Dg(V|g,), then D is the space of this
representation, and Nwp = N and pwp(w) = wp @) if w € W, where Wy acts
on D through Gal(L/K), and ¢ = p" = Card(kg). The fact that Ny = ppN implies
that Nwppwp(w) = ¢ "™ pwp(w)Nwp. Contrary to the case £ # p, this Weil-Deligne
representation is not enough to recover V', since it does not take into account the filtration.

If fis a modular eigenform, then one can attach to it a p-adic representation V,f,
as well as a smooth admissible representation II,f of GL2(Q,), and we then have the

following result of Saito.

Theorem 14.3. — If f is a modular eigenform, then V,f is potentially semistable, and
WD(V,f) is the Weil-Deligne representation attached to IL,f by the local Langlands cor-

respondence.

If in addition p t N, then V,,f is crystalline, and the above theorem completely deter-
mines De,is(V, f), because there is only one choice for the filtration (in this case, theorem
14.3 was previously proved by Scholl). We get Deyis(Vpf)* = Di.q, Where k = k(f) and
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ap = a,(f), and Dy, = Ee; ® Fey with
0 Dia, ifi<
Mat(p) = < b1 ) and Fﬂka,ap =< Eeg if 1<
p ap . .
{0} if 1 >

15. Admissible filtered (¢, N)-modules

By the constructions of the previous section, we have a functor Dg(-), from the category
of semistable representations of G to the category of filtered (¢, N)-modules over K.
In this section, we explain how technical properties of the ring By can be used to prove
some properties of the functor Dg(+). In particular, we will see that it is fully faithful,

and give a characterization of its image.

Theorem 15.1. — We have BZZ N Bl = Q,.

max

As a corollary, we see that one can recover Q,, from the filtered (¢, N)-module structure
of By, since we have Q, = BY="%=! N Fil’B4r. This way, we get the following full

faithfulness result.
Corollary 15.2. — The functor V — Dg (V) is fully faithful.

Indeed, if V' is semistable, then By ®x, Dt(V) = Byt ®q, V/, so that
V = (Bg @5, Dt (V) V== N Fil®(Bar ®x Dar(V)).

Let us now characterize the image of Dy(-). If D is a 1-dimensional filtered (i, N)-
module over K, we define ty(D) to be val,(Mat(y)) and t5(D) to be the integer h such
that Fil"Dg = Dg and Fil"™ Dy = {0}. If D is of arbitrary dimension, then we let
tn(D) =tn(det D) and ty (D) = ty(det D).

If V is a semistable representation, then det Dg (V) = Dgi(det V'), and in the notation
of theorem 13.3, we have ¢t (Dg (V) = tg(Ds(V)) = h.

If D is a 1-dimensional subobject of Dg (V'), and y € D, then ¢(y) = Ay for some \ € K,
of valuation ty(D), and y € Fil"Dg for h = ty (D). As a corollary of theorem 15.1, we
get that if h > val,(\) + 1, then B£22 Nt"B; = {0}. This implies that ¢z (D) < tx(D).
If D is a subobject of Dy (V') of dimension r, then det D is a 1-dimensional subobject of
D (A"V), and we can apply the above reasoning to get again ty (D) < ty(D).

We say that a filtered (¢, N)-module D over K is admissible if t5 (D) =t (D) and if
ty(D') < ty(D') for every subobject D’ of D.

Proposition 15.3. — IfV is a semistable representation, then Dg (V') is an admissible
filtered (@, N)-module over K.
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Fontaine had conjectured that conversely, every admissible filtered (¢, N)-module over
K is the Dy of some semistable representation V' of Gk, and this is now a theorem of

Colmez and Fontaine.

Theorem 15.4. — The functor Dg(+) gives rise to an equivalence of categories, between
the category of semistable representations of Gk and the category of admissible filtered

(¢, N)-modules over K.

Thus in principle, one can answer any question about a semistable representation,
merely by looking at the attached filtered (g, N)-module. In practice, this can be quite
hard. For example, computing the reduction modulo p of the crystalline representation
attached to the filtered ¢-module Dy, given at the end of §14 is (as of January 2013)

an open problem.

16. The groups H}!(K,V)

If V is a p-adic representation of G, then H'(K,V) classifies extensions E of Q, by
V, that is representations F inside the exact sequence: 0 — V — E — Q, — 0. More
generally, extensions of Y by X are classified by H!(K, X ® Y*). Given some property of
representations, we are interested in the subset of H!(K,V) corresponding to extensions
having that property. In particular, we denote by H(K,V) or H,(K,V) or H)(K,V)
the classes of extensions which are crystalline or semistable or de Rham, respectively. If
V' is crystalline, then H}(K, V) = ker(H'(K,V) = H'(K,Bpax ®q, V)), and we have
similar statements for H), and H, gl. The following result is an easy consequence of theorem
14.2, but had been proved before by Hyodo and was then seen as evidence for theorem
14.2.

Theorem 16.1. — IfV is semistable, then H,(K,V) = H,(K,V).

theorem 5.1, there is a perfect pairing H'(K,V) x H'(K,V*(1)) — Q,. The following
theorem of Bloch and Kato computes the orthogonals of the H.

We also define H}(K,V) = ker(H'(K,V) — H'(K,B¢,! ®q, V)). Recall that by

Theorem 16.2. — If V is a crystalline representation, then
Hi(K,V)" = H{(K,V*(1)) and H}(K,V)" = H)(K,V*(1))

One can compute the dimensions of the H!(K, V), by using the so-called fundamental

exact sequence 0 — Q, — B#Z! — Byr/BI; — 0, which when used along with the fact

max
that 1 — ¢ : Byax — Buax 1s surjective, gives rise to

o ((1-p)e,)

0 — Q, — Buax Biax @ Bar/Bji — 0.
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By tensoring the above exact sequence with a crystalline representation V', and taking

invariants under G'i, one finds
0 = V¥ = Deis (V) = Deris (V) @ Dar (V) /Fil’Dar (V) = Hj(K, V) = 0,

where we use the fact that (Bar/Bg ®q, V)9 = Dar(V)/Fil’Dar(V), if V is de Rham.
This tells us that (if we write A} for dimg, H})

hi(K,V) = [K : Qy)(dimq, V — dimg Fil’Dgr(V)) + dimgq, V.
Likewise, we can prove that

hlK, V) = h}(K, V) — dimq, Dexis(V)¥~,
h;(K, V) = h}(K, V) + dimq, Deris(V*(1))9=

For example, let V' = Q,(r) and d = [K : Q,]. By using the above formulas, we find
the following dimensions for the various H/ (K, Q,(r)).

r < -1 0 1 > 2
K, Q,(r)) d |d+1|d+1]| d
x=e 0 0 d d
x=f 0 1 d d

x =g 0 1 d+1| d

Let us make a few comments about this table.

1. For r > 2, we see that every extension of Q, by Q,(r) is crystalline.

2. For r = 1, they are all semi-stable, and we saw in §5 that the Kummer map 9 :
Q, ®z, KX — H'(K,Qp(1)) is an isomorphism. The subset H}(K,Q,(1)) then
corresponds to the image of Q, ®z, (/’)E, which is the characteristic zero analogue of
“peu ramifiées” extensions.

3. For r = 0, the h' counts the number of independent Z,-extensions of K, and
H}(K , Q,) corresponds to the unramified one.

4. For r < —1, one can (easily) show that all extensions are C,((t))-admissible, but

since no nontrivial ones are Byg-admissible, Bgr is not isomorphic to C,((t)).

If V is de Rham, and we tensor the exact sequence 0 — Q, — B#=! — Bar/Bijz — 0
by V, and take Gg-invariants, then we find a connecting map: Dggr(V)/Fil’Dgr(V) —
H}(K,V), which is denoted by expy,, and called Bloch-Kato’s exponential. If A is an
abelian variety (or a formal group), then V,A is de Rham, Dgr(V,A)/Fil’Dgr(V,4) is

identified with the Lie Algebra of A, and if 4 denotes the Kummer map, then the
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following diagram commutes, which helps to explain the terminology.

Lle(A) ﬂ) Q Rz A(OK)

o |

Dar(V,A)/Fil'Dar(V,A) —% H'(K,V,A)

It also shows that the image of the Kummer map always lies in the H.

17. A p-adic period pairing

Let K be a finite unramified extension of Q,, and let G’ be a 1-dimensional formal
group of height h over Ok, whose addition law is given by X @Y € Og[X,Y]. We
denote by [n|(X) the “multiplication by n” power series. The Tate module of G is
T,G = {(uo,uy,...), where u; € mg, and ug = 0 and [p|(ui41) = u;}. The space
VoG = Qp ®z, T,G is a p-adic representation of Gx of dimension h, which we know is
crystalline. We will see here a more precise version of this result.

A differential form on G is w(X) = a(X)dX, where a(X) € K[X], and we denote by
F,(X) the unique power series such that dF,(X) = w(X) and F,(0) = 0. We say that

1. w is invariant, if F,(X ®Y) = F,(X) + F,(Y);
2. w is exact, if F,(X) € K ®o, Ox[X];
3. w is of the second kind, if F (X ®Y) — F(X) — F,(Y) € K ®o, Ox[X,Y].

The first de Rham cohomology group of G is then given by H},(G/K) = {second
kind}/{exact}. This is a K-vector space of dimension h, equipped with the filtration
Fil’H}, = H},, and Fil' H}, = {invariant} and Fil>H}, = {0}.

Theorem 17.1. — If w is of the second kind, if u € T,G, and if u, € A* is such that
0(u,) = uy, for everyn >0, then

+

max’

1. the sequence {p"F,,(uy)}n=0 converges in B to an element fuw;
2. this element only depends on u and on the class of w;
3. the resulting map Hln(G/K) x V,G — B, is a perfect pairing, compatible with

the action of Gk and the filtrations.

For example, if G = G,, and w(X) = dX/(1 4+ X) and u = (0,{, — 1,...), then one
can take @, = [¢'/?"] — 1 for n > 0, and then [ w =t.

As a consequence of theorem 17.1, we recover the fact that V,G is crystalline, and
that Deis(V,G) = Hjp(G/K)*, using the p-adic period pairing. This construction can be

extended to the case of abelian varieties.
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